Abstract: This paper focuses on the finite element (FE) response sensitivity and reliability analyses considering smooth constitutive material models. A reinforced concrete frame is modeled for FE sensitivity analysis followed by direct differentiation method under both static and dynamic load cases. Later, the reliability analysis is performed to predict the seismic behavior of the frame. Displacement sensitivity discontinuities are observed along the pseudo-time axis using non-smooth concrete and reinforcing steel model under quasi-static loading. However, the smooth materials show continuity in response sensitivity at elastic to plastic transition points. The normalized sensitivity results are also used to measure the relative importance of the material parameters on the structural responses. In FE reliability analysis, the influence of smoothness behavior of reinforcing steel is carefully noticed. More efficient and reasonable reliability estimation can be achieved by using smooth material model compare with bilinear material constitutive model.
Introduction
The philosophy of performance-based earthquake engineering has gained recognition widely in the structural analysis and design field and has been included in many seismic design guidelines (ATC-55 2005; BSSC 2003) with noticeable advances in the field of structural reliability since last two decades. Several numerical and analytical methodologies have been developed considering the non-linear behavior, material parameters, and geometric uncertainties (Schueller et al. 2004) . Der Kiureghian and Ke (1988) successfully implemented reliability methodology by using finite element (FE) method and first-order reliability method (FORM) (Ditlevsen and Madsen 1996) . These methods were examined to investigate the influence of the correlation length of random property or load fields on the reliability of the subjects. The results have shown that the correlation length of property fields has influence on the displacement responses, but it may not be significant in stress limit states. The determination of design point(s) is considered as an essential step in gradient based reliability methodology. Structural response sensitivity is an important ingredient and a by-product of the design point search (Hohenbichler and Rackwitz 1986) . For this purpose, the use of direct differentiation method (DDM) seems to be efficient and accurate approach to perform sensitivity analysis. A method has been presented to get key sensitive attributes in the material constitutive and discrete loading parameters of force-based FE frame systems (Conte et al. 2004 ). The material nonlinearity was considered to get the static and dynamic responses using DDM. It was concluded that the developed procedure prone to sensitivity offers a powerful general tool for computing the responses. The analytical procedure and guidelines were developed in OpenSees (Mazzoni et al. 2005; Gu et al. 2010 ) framework to perform FE based reliability analysis (Haukaas and Der Kiureghian 2004) . In this context, smoothed materials were modeled and the existing search algorithms were modified consequently. In case of non-linear beam column elements, response sensitivities have been evaluated with great precision using DDM (Scott et al. 2004; Scott and Filippou 2007) . Similarly, the application of sensitivity and reliability analyses in the soilfoundation-structure-interaction systems has been reported in several research articles (Gu 2008; Gu et al. 2009a, b) . Scott (2012) evaluated two existing formulations of forcebased element response sensitivity and found the consistency of first formulation, while the second one proved to be inconsistent with a high condition number.
For gradient based methods, sensitivity analysis is performed to find the design point in reliability analysis. The continuity of the obtained response is essential for most of the algorithms. The discontinuity increases computational effort and due to using improper material model the process can be interrupted. Haukaas and Der Kiureghian (2004) performed static analysis on single degree of freedom systems to explain the discontinuity effects in the displacement sensitivity results using smooth and non-smooth material models. The results have shown the occurrence of discontinuity at yielding and unloading points in the bi-linear material. It has been suggested that by using the smooth material models such effect can be avoided. Another study was conducted focusing on the effect of gradient discontinuities caused by non-smoothness of the material models in the reliability context (Barbato and Conte 2006) . A structural system was modeled using smooth and non-smooth reinforcing steels to compare response sensitivity and reliability analysis results. The consistency of the results was fairly verified with these obtained by previous researchers. Furthermore, study on the dynamic analysis concluded that the discontinuities can be effectively eliminated by providing smoothing effect in reinforcing steel and refining the time discretization of the equations of motion.
This paper presents the modeling and analysis of a reinforced concrete (RC) structure using different concrete and steel constitutive material models in the context of sensitivity based reliability analysis. DDM based response sensitivity analysis has been conducted for smooth and nonsmooth material constitutive laws. Quasi-static cyclic analysis results show that discontinuities arise in the response sensitivities while using non-smooth material models. Moreover, this difficulty can be eliminated by using smooth constitutive material models. Later, the smoothness effect of reinforcing steel on failure probabilities of frame structure has been observed using structural reliability analysis.
Material Models
Different concrete and steel material constitutive models are used to describe the structural behavior considering smoothness effect of the materials. The Kent-Scott-Park (Scott et al. 1982) concrete model is adopted as zero tension and convenient for application in engineering for its simple form. While Smoothed Popovics-Saenz (Balan et al. 1997 (Balan et al. , 2001 Zona et al. 2005 ) concrete also modeled with zero tension stiffening having smoothed skeleton curve. In FE structural modeling, fiber concrete sections using confined and unconfined concrete layer are considered. Figures 1 and  2 show the typical comparison between two concrete models. In case of steel material, 1D J 2 plasticity model (Conte et al. 2003 ) (also known as bi-linear inelastic model) and smooth inelastic Menegotto-Pinto (M-P) model (Menegotto and Pinto 1973) are used in material modeling of the structure as shown in Fig. 3 . Bi-linear model with pure kinematic hardening, H kin (zero isotropic hardening, H iso ) is considered. As a non-smooth plasticity model, J 2 plasticity model with Von Mises yield surface is well-known for metallic materials. This model has shown discontinuities in the responses when the material enters the plastic regime (Conte 2001) . The version of M-P model extended by Filippou et al. (1983) has been considered to account for the isotropic strain hardening. Figure 3 shows that yield stress, f y and initial elastic tangent (modulus of elasticity), E for both of the steel models are same. Post yield tangent modulus for J 2 plasticity model and M-P model can be expressed by the Eqs. (1) and (2) as follows: 
where b is known as strain-hardening ratio and R 0 controls the transition from elastic to plastic regions (Fig. 3) . The M-P 1D plasticity model has shown good agreement with the experimental results, particularly for cyclic tests on reinforcing steel bars. It is observed that the constitutive law of M-P model is smooth and continuously differentiable with respect to constitutive material parameters, thus response sensitivities continuous everywhere. Local buckling effect of steel bars in RC members can be taken into account by further modifications in M-P model (Monti and Nuti 1992) .
DDM Based Sensitivity Analysis
FE response sensitivity analysis is an important analytical tool in structural optimization, FE model updating, reliability analysis, and structural identification (Ditlevsen and Madsen 1996; Kleiber et al. 1997) . The response sensitivity is a measure of the change in the response quantity due to a unit change in a system parameter. Cross-sectional geometry, materials properties, applied loads or nodal co-ordinates are considered as the key parameters. Generally, the structural response can be characterized in terms of deformations, forces, or integrated quantities, i.e., dissipated energy and accumulated damage (Haukaas and Der Kiureghian 2004) . Such response can be computed by structural analysis tools such as OpenSees. The DDM method is well known for computing response quantities with high level of accuracy (Kleiber et al. 1997; Arora and Haug 1979; Zhang and Der Kiureghian 1993) . In nonlinear DDM based analysis structural response is calculated in each time step after achieving the convergence of the response computation. Differentiation of the algorithm is required to obtain the response using specific sensitivity parameter.
The equations of the response sensitivities were derived by Zhang and Der Kiureghian (1993) . After spatial discretization using the FE method, the equation of motion of the considered system can be expressed as (Gu et al. 2009b 
):
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where t is the time, h is the scalar sensitivity parameter as a material constitutive parameter, u is the vector of nodal displacements, M is the mass matrix, C is the damping matrix, R is the history dependent internal (inelastic) resisting force vector, and F is the applied dynamic load vector. Newmark-b method is used for the numerical integration of Eq. (3). The dynamic residual W(u n?1 ) can be written at discrete time t ¼ t nþ1 ¼ n þ 1 ð ÞDt(where Dt is the constant integration time step) as follows:
nþ1 can be expressed as below:
here oF nþ1 oh
In Eq. (5) the partial derivative of the internal resisting force vector Rðu nþ1 Þ with respect to sensitivity parameter h can be presented by the term oRðu nþ1 ðhÞ; h=oh ½ j u nþ1 where the displacement vector u n?1 remains fixed.
In
represents the tangent dynamic stiffness matrix, where,
is the consistent tangent stiffness matrix defined by
The word 'consistent' emphasizes that the tangent operator is obtained through consistent linearization of the constitutive law integration scheme, which guarantees the quadratic rate of asymptotic convergence of the iterative solution strategies based on Newton's method (Simo and Taylor 1985) .
FE Structural Model
The present study consists of modeling and analysis of a RC frame (Fig. 4 ) subjected to earthquake loading using OpenSees. The structure is modeled using the displacement-based, Euler-Bernoulli frame element with the distributed plasticity (Gu et al. 2010) . In each element five integration points are provided and section stress results are computed by discretizing the frame sections into layer. Two different constitutive concrete models are used to evaluate the response sensitivity of the material with the smoothing effect. The parameters used are: f c = concrete compressive strength; f u = concrete crushing strength; e 0 = concrete strain at maximum strength; e u = concrete strain at crushing strength; E c = initial tangent stiffness; and g = smoothing parameter. In the column section, different material parameters are used for the unconfined and confined concrete parts. In case of steel material, 1D J 2 plasticity and M-P models are considered. The steel parameters used as: E = Young's modulus; f y = yield strength; H kin = kinematic hardening modulus; H iso = isotropic hardening modulus; b = strain-hardening ratio, R 0 , cR 1 , cR 2 = parameters which control the elastic to plastic transition; a 1 , a 2 = isotropic hardening parameters. The input parametric values being used are listed in the Table 1 and 2. The dead and live loads are applied in the frame using lumped mass phenomenon at the nodal points.
The cyclic loading and dynamic base excitation are applied on the 2D frame to get response sensitivities. The lateral forces are applied at the corresponding nodes of each floor level as shown in Fig. 4 . The total horizontal base acceleration used in the dynamic analysis (Fig. 5 ) is scaled by 10 with peak ground acceleration 14.89 m/s 2 (Zhang et al. 2008) . Newmark-b method is used for the integration operations with parameters b = 0.2756 and c = 0.55 with a constant time interval Dt ¼ 0:01½s (Gu et al. 2009a) . Response sensitivities are calculated for confined and unconfined concrete and reinforcing steel parameters by DDM as well as forward finite difference (FFD) method. FE reliability method is used to estimate probabilities of failure to achieve predefined performance. The performance functions are defined in terms of lateral displacement response of frame structure. For a simplest case of one performance function, the reliability problem can be defined as (Haukaas and Der Kiureghian 2004) 
where p f is the failure probability, x is the FE model parameters vector, g(x) is the performance function and f(x) is the joint probability density function of x. An approximate solution of the above integral equation can be A B C = Fig. 4 Geometry, loading due to gravity and cross-sectional properties of frame structure. done by various available methods (e.g., FORM, sampling analysis). Advanced reliability method (FORM), and important sampling method are used to obtain failure probability and Hasofer-Lind (Hasofer and Lind 1974) reliability index b of frame structure. After the completion of the sensitivity analysis a static pushover study is carried out to evaluate the structural reliability performance. Applied lateral pushover load is same as the quasi-static cyclic loading.
Smoothed Popovics-Saenz model has been chosen for further numerical study due to better performance in sensitivity analysis. All concrete and steel material parameters are characterized as random variables (RVs). All material RVs with lognormal distributions and probabilistic properties are listed in Table 3 . Table 4 indicates the correlation coefficient between the RVs for each pair of members. The values of all RVs have been considered from another study (Gu 2008) . Two different limit state functions (LSF) are considered:
The first LSF (g 1 ) defines the failure event as the exceedance of the lateral roof displacement from 1 to 2 % of the building height, while the second LSF (g 2 ) defines a similar threshold for inter-story drift (Haukaas and Der Kiureghian 2004) . Here, D lim = 1-2 % of the building height, defines the first critical collapse displacement; u lim = 1-2 % of the interstory height is second critical collapse displacement; u 1 = roof displacement; and (u 1 -u 2 ) = inter-story drift. The freeware reliability tools called Risk tools (Rt) software is used to compute the structural reliability directly by using LSF equations (Mahsuli and Haukaas 2010) . The OpenSees FE model is imported to Rt software, then all the RVs, their mean, standard deviation and correlation factors are inputted. Then, based on the failure functions (LSF), corresponding failure probability and reliability index are computed within Rt software framework.
Results and Discussion
From the quasi-static cyclic analysis, the results are shown in Figs. 6 and 7. It is observed that, Popovics-Saenz concrete model with smoothing parameter (g) shows smooth continuous loading-unloading displacement response sensitivity curve under quasi-static cyclic loading (Fig. 6) . On the other hand, the discontinuities in the response sensitivities are clearly visible from Popovics-Saenz concrete model without smoothing parameter and Kent-Scott-Park concrete model. The value of eta is used as 0.2 and obtained from the previous study (Gu et al. 2010) . Thus the smoothing parameter of Popovics-Saenz concrete model has a considerable contribution to achieve continuous response sensitivity in concrete constitutive model. For bi-linear steel (J 2 plasticity) model response sensitivities are discontinuous at the elastic-to-plastic transition points whereas, they are continuous throughout the curve for smooth steel model (Fig. 7) . Previous findings by some researchers also indicate the same phenomenon in the similar manner (Haukaas and Der Kiureghian 2004; Barbato and Conte 2006) . Thus, the continuity of the response computation can be achieved by using smooth material models which is essential for the convergence in the search of design point in reliability analysis. For the validation case, smoothed Popovics-Saenz concrete and M-P steel are used in 2D frame structure and earthquake motion is applied. Here the comparison between DDM and FFD method outcomes are shown for two material parameters. In first case, sensitivity of the lateral roof displacement due to the yield strength of reinforcing steel f y is presented in Fig. 8 .
Three perturbation levels are considered, namely FFD 0 0.01, FFD 0.001, FFD 0.0001. Compressive strength of confined concrete, f c is considered as the second parameter to validate the results (Fig. 9 ) and three levels of perturbation are considered as before. In both cases, FFD results converge well to the DDM results and the FFD results for perturbation level 0.0001 are close to the DDM results. Figure 10 shows the displacement time history of the models used in this study. For the Kent-Scott-Park concrete model, maximum roof displacement to core concrete compressive strength f c is more than that of smoothed Popovics-Saenz model. In both cases M-P reinforcing steel model has been used. It is inferred that under dynamic motions displacement responses of both concrete models are smooth along the time axis due to the inertia effects. Both of the models exhibit large plastic deformations under dynamic loading.
The structure is then modeled with M-P and J 2 plasticity reinforcing steel models. Figure 11 demonstrates the computed time histories of the inter-story drift for two different steel models. Results corresponding to M-P model are not found very close to the ones obtained from the J 2 plasticity model. It is also noticed that the maximum displacement occurs while using J 2 plasticity model. Large plastic deformations are also observed at several points of constitutive steel models. Figure 12 displays the sensitivity response of the lateral roof displacement with respect to the yield strength, f y and steel Young's modulus, E under dynamic action. No discontinuities are found in the response sensitivities along the time axis for both steel models. Thus, the effect of inertia in the sensitivity equation is responsible to eliminate the discontinuities (Haukaas and Der Kiureghian 2004) . Moreover, from the sensitivity results along the parameter axis, a different behavior is found in terms of discontinuity of the curves. Figure 12a , b shows small magnitude of discontinuities for response sensitivities obtained from the nonsmooth J 2 plasticity model, on the other hand M-P models are quite smoothen along the parameter axis. Table 5 shows the importance ranking of the material parameters. The normalized response sensitivity results for the inter-story drift u drift = u 1 -u 2 are used to determine the significance of material parameters. Smoothed Popovics-Saenz concrete model and M-P steel model are used to select the effectiveness of material parameters. It is observed that parameter E, f y , f c are considered to be most important in earthquake excitations.
Reliability analysis results for the frame are also evaluated considering material parameters as RVs. Important sampling and FORM analyses are conducted for two LSF. Results in Table 6 show good agreement between two methods which indicate the accuracy of FORM result in OpenSees framework. The outcomes also reflected that Reliability index b for LSF g 1 is more than LSF g 2 . Thus, the structure is more reliable with respect to roof displacement rather than interstory drift limit. Figures 13 and 14 present the CDF for the roof displacement and the inter-story drift of the frame using FORM analysis. At each point of the CDF curve one analysis run is required. The values of failure probabilities are obtained by changing the first and second critical collapse displacement values within a range of 1-2 % building height and inter-story height respectively, in Eqs. (7) and (8). The CDF curves of smooth (M-P) steel material are slightly different from non-smooth (J 2 plasticity) material in both cases. For 1.1 % of the roof displacement threshold, corresponding probabilities of failure for smoothed and nonsmoothed material are 0.99976 and 0.986574 respectively. From CDF of the inter-story drift, very similar failure probabilities with that of the roof displacement are observed for 1.25 % of the inter-story drift threshold. Thus smoothing behavior of reinforcing steel has a minor effect on computed probabilities of the RC frame. Although the changes in reliability index are not noticeable, but an improvement in the search for design point has observed. It requires 182 s for reliability analysis with the bi-linear material, where it takes only 78 s for smooth (M-P) material. Therefore, the maximum trial point distance from the origin is much closer for smooth material than bi-linear material model. This advantage is achieved, because a large portion of the structure exhibits nonlinearity at the mean point by using smooth material model. Thus, using of smooth material model can be a fruitful technique to avoid non-convergence in FE based reliability analysis.
Conclusions
This work presents the analytical behavior of FE response sensitivities obtained from the different constitutive material models. DDM based nonlinear FE response sensitivity analysis is carried out under static and dynamic loading. FFD method has been used to investigate the accuracy of DDM. Smoothing behavior of both concrete and steel materials has been taken into consideration to evaluate the smoothness effects. After that, structural reliability analysis is performed to observe the smoothing effect of the reinforcing steel on failure probabilities of the frame. The core conclusions of this study can be summarized as follows: 1. In quasi-static FE analysis, response sensitivity discontinuities are observed in Popovics-Saenz concrete model without smoothing parameter, Kent-Scott-Park concrete model, and bi-linear steel model. PopovicsSaenz concrete with smoothing parameter and M-P (smooth model) steel models are used to avoid the occurrence of the discontinuity and get the continuous computation of response sensitivity. Therefore, for the design point search, using gradient based optimization algorithms, smooth material model plays an important role to get accurate and efficient computations of response sensitivities. 2. DDM is very accurate and efficient method in computing the response sensitivities and also applicable to any material constitutive model. Good convergence of FFD results with DDM shows the accuracy in computation. 3. Under dynamic motion, sensitivity result of the roof displacement with respect to the core concrete has shown minor effect of smoothing properties for two different concrete models. In dynamic analysis, the displacement response is smooth due to inertia effect of dynamic motion. Linear inertia in the equation of motion also shows considerable smoothing effects on the response sensitivity results of steel constitutive models along the pseudo-time axis. Moreover, a minor discontinuity effect has been found in non-smooth J 2 plasticity steel along the parametric axis. This effect can be eliminated by using smooth steel model (M-P). 4. Structural reliability analysis shows the influence of smoothing on the computed probabilities of the RC structure. However, more efficient and reasonable reliability estimation can be achieved by using smooth material model compare with bilinear material constitutive model. 
